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Abstract 

Recent data on the (inelastic) Nachtmann moments of the unpolarized proton struc- 
ture function F%, obtained at low momentum transfer with the CLAS detector at Jef- 
ferson Lab, have been interpreted in terms of the dominance of the elastic coupling of 
the virtual photon with extended substructures inside the proton. Adopting the same 
constituent form factors and the same light-front wave function describing the motion of 
the constituents in the proton, the (inelastic) Nachtmann moments of the longitudinal 
proton structure function are calculated (without further parameters) for values of 
the squared four-momentum transfer 0.2 < Q 2 (GeV/c) 2 < 2. The different role played 
by the Pauli form factor of the constituents in the transverse and longitudinal channels 
is illustrated. Our predictions, including an estimate of the theoretical uncertainties, 
may be checked against the forthcoming results of the experiment S94110 at Jefferson 
Lab. A positive comparison with the new data may provide compelling evidence that 
constituent quarks are intermediate substructures between the hadrons and the current 
quarks and gluons of QCD. 
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1 Introduction 



The idea to assume extended constituents for constructing a model of the Deep Inelastic 
Scattering (DIS) structure functions of hadrons dates back to the 1970s |1 3 . The basic 
physics assumption is that hadrons are made of a finite number of constituent quarks (CQ's) 
having a partonic structure. At large values of the squared four-momentum transfer Q 2 the 
virtual boson probes one CQ and sees its partonic structure. The latter depends only on 
short- distance, perturbative physics, which is independent of the particular hadron, while the 
motion of the CQ's inside the hadron reflects the non-perturbative physics, which depends 
on the particular hadron. Thus, the parton motion in a hadron is assumed to have two 
different stages: the first one is the (hadron-independent) motion inside the CQ, while the 
second stage is the CQ motion in the hadron. We will refer here after to the model of Ref. 
as the two-stage model. In Ref. [2j the two-stage model was extended to values of Q 2 around 
and below the scale of chiral symmetry breaking, A x , and above the QCD confinement scale, 
Aqcd, i-e. 0.1 4- 0.2 < Q 2 (GeV/c) 2 < 1 4- 2. In what follows we will refer to the model of 
Ref. [2] as the generalized two-stage model. 

Recently the inclusive electron-proton cross section has been measured in Hall B at Jeffer- 
son Lab (J Lab) using the CLAS spectrometer [3 . The measurements have been performed 
in the nucleon resonance regions (W < 2.5 GeV) for values of Q 2 below « 4.5 (GeV/c) 2 . 
One of the most relevant feature of such measurements is that the CLAS large acceptance 
has allowed to determine the cross section in a wide two-dimensional range of values of 
Q 2 and x = Q 2 /2Mu. This has made it possible to extract the proton structure function 
Ff (x, Q 2 ) and to directly integrate all the existing world data at fixed Q 2 over the whole 
significant x-range for the determination of the transverse proton moments M^\Q 2 ) with 
order n = 2,4,6,8. More precisely, the experimental moments constructed in Ref. [Sj are 
inelastic Nachtmann moments, defined as j3] 



where £ = 2xj (1 + r) is the Nachtmann variable, r = J 1 + 4M 2 x 2 /Q 2 and x n = Q 2 /[Q 2 + 
(M+m^f-M 2 } is the pion threshold, with M(m 7r ) being the nucleon(pion) mass. In Eq. ((TJ 
the integration over x is limited up to the pion threshold in order to exclude the contribution 
of the proton elastic peak; therefore in what follows we will denote by M^\Q 2 ) only the 
contribution of the inelastic channels. 

A possible interpretation of the experimental results of Ref. |3] has been proposed in 
Ref. [2j. There, it was shown that the data of Ref. [5] exhibit a new type of scaling behavior 
expected within the generalized two-stage model, and that the resulting scaling function 
can be interpreted as (the square of) a constituent quark (CQ) form factor. The main 
conclusions of Ref. [2] are that: i) at low momentum transfer the inclusive proton structure 
function (x, Q 2 ) originates mainly from the elastic coupling with extended objects (the 
CQ's) inside the proton, and ii) the CQ size is ~ 0.2 -4 0.3 fm. 
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The aim of this letter is to apply the generalized two-stage model of Ref. [2] to the 
calculation of the Nachtmann moments of the longitudinal structure function, defined as j3] 



where 



dx— 



n+l 



x- 



F p L (x,Q 2 ) + 



4M 2 x 2 



Ff(x,Q 2 



(n + l) i/x-2{n + 2) 
(n + 2)(n + 3) 



Fi(x : Q 2 ) 



1 + 4MV/Q 2 ) - 2xFf(x, Q z 



(2) 



(3) 



Again, in what follows we will denote by M^{Q 2 ) only the contribution of the inelastic 
channels. In performing our theoretical estimate of the longitudinal moments neither the 
model parameters of Ref. [2| are changed nor further parameters are introduced. Our pre- 
dictions, including an estimate of the theoretical uncertainties, may be tested against the 
forthcoming results of the J Lab experiment £'94110 completed recently in Hall C. The latter 
will provide longitudinal data in the x-space and not directly in the moment space. However, 
thanks to the factor £ n+1 /x 3 (< x n ~ 2 ) appearing in the r.h.s. of Eq. (J2J), the moments with 
order n > 4 for Q 2 < 2 {GeV jc) 2 are mainly governed by kinematical regions accessible by 
the £"94110 experiment 13 . We stress that a positive comparison with the new J Lab data may 
give a strong confirmation of the generalized two-stage model of Ref. [2] and may provide 
compelling evidence that CQ's are intermediate substructures between the hadrons and the 
current quarks and gluons of QCD. 

The plan of this letter is as follows. In Section |2] we recall the basic ingredients of 
the generalized two-stage model of Ref. [2|, which is then applied to the calculation of the 
longitudinal Nachtmann moments in Section El The different role played by the CQ Pauli 
form factor in the transverse and longitudinal channels is illustrated, and our predictions, 
including an estimate of the theoretical uncertainties, are presented for 0.2 < Q 2 (GeV/c) 2 < 
2. Conclusions and outlooks are collected in Section HJ 



2 Generalized two-stage model and the transverse chan- 
nel 

The two-stage model, proposed for the interpretation of DIS data, can be extended away 
from DIS kinematics in a simple way. Indeed, it can be argued [2] that in a DIS experiment 
at high values of Q 2 the internal structure of the CQ's is probed, whereas for sufficiently 
low values of Q 2 such a structure cannot be resolved any more. Generally speaking, one 
expects that the turning point between the high-Q 2 and low-Q 2 regimes is around the scale 
of chiral symmetry breaking, A x £3 1 GeV. As Q 2 decreases around and below A 2 , one 

b We have explicitly cheked this point using the parameterizations of the proton structure functions of 
Ref. 0. At Q 2 — 2 (GeV/c) 2 the contribution of the resonance region (W < 2 GeV) to the integral © 
turns out to be w 70%, 88%, 96% and 99% for n — 4, 6,8 and 10, respectively. At lower values of Q 2 the 
above percentages increase for each value of the order n. 
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expects that the inelastic coupling of the incoming virtual boson with the CQ becomes less 
and less important, while the elastic coupling of the incoming virtual boson with the CQ 
becomes more and more important. As discussed in Ref. [2j the Q 2 -range of applicability of 
the generalized two-stage model is qualitatively given by Aq CD <Q 2 < A 2 , i.e. 0.1 4 0.2 < 
Q 2 {GeV/cf < 1 4- 2. 

The dominance of the elastic coupling at the CQ level cannot hold at each x value, but in 
a local duality sense (a CQ-hadron duality), which can be translated in the space of moments 
into the following (approximate) equivalence 

Mi T \Q 2 )~Mi T ' dual \Q 2 ) (4) 

where M^' dual \Q 2 ) are the moments evaluated within the generalized two-stage model. 
Equation (J1J) is expected to hold for low values of the order n, except n — 2. Such a 
limitation arises from the fact that as n increases the moment M^{Q 2 ) is more and more 
sensitive to the rapidly varying bumps of the resonances. Therefore Eq. (£Q) cannot hold at 
very large values of n (see Refs. [3 El El for the case of the parton-hadron Bloom-Gilman 
duality 10J). At the same time it should be pointed out that the dual relation (JH) is expected 
to hold only for n > 2, because the second moment M 2 (Q ) is significantly affected by the 
low-x region where the concept of valence dominance may become unreliable. 

Within the generalized two-stage model the dual moments M^' dual \Q 2 ) can be written 
in the following factorized form 

M^ dual \Q 2 ) = [F(Q 2 )} 2 -M { J\q 2 ) (5) 

where M n (Q 2 ) describes the effect of the internal CQ motion inside the hadron on the 
moment of order n, and F(Q 2 ) is the CQ elastic form factor. The latter is defined as [2] 

\nQ 2 )] 2 = e [ ^T+imsT = i Y,ifKQ 2 )] 2 + r mm? ^ 

' j j i -I- t y^ j < j ■ 

where f(( 2 ){Q 2 ) an d G 3 E ^ M ^(Q 2 ) represent the Dirac(Pauli) and electric (magnetic) Sachs form 
factors of the j'-th CQ, respectively, and r = Q 2 /Am 2 with m being the CQ mass. 

If one has a reasonable model for the CQ momentum distributions in the hadron, the 
moments M n (Q 2 ) can be estimated and therefore the following ratio 

RP(Q 2 ) = M P(Q 2 )/M { P(Q 2 ) (7) 

can be constructed starting from the experimental moments M!^\Q 2 ) [Eq. (|T|) ]. Within the 
generalized two-stage model the ratio R^[\Q 2 ) is expected to depend only on Q 2 , i.e. it 
becomes independent of the order n (as well as on the specific hadron), viz. 

R^\Q 2 ) * [F(Q 2 )} 2 (8) 

The scaling function, given by the r.h.s. of Eq. (jHJ), is directly the square of the CQ form 
factor, i.e. the form factor of a confined object. 
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In Ref. [2] it has been shown that the data of Ref. [3] manifest a clear tendency to the 
scaling property (JSJ) even assuming no internal motion of the CQ's inside the proton, which 
represents a very simplified and rough model for the CQ momentum distribution. In this 
case the CQ's share exactly (1/3) of the light-front (LF) proton momentum. Explicitly 
one gets 0: M n (Q 2 ) — > (l/3) n . Though simple such an hypothesis explains very well 
the spread of about one order of magnitude between the experimental moments of order n 
and (n + 2). In our opinion this is an important result (almost a pure experimental result) 
because it is obtained with a very simple hypothesis about the CQ motion in the proton. 

The effect of the internal CQ motion was investigated and found to play an important 
role. The final result of the generalized two-stage model is [2| 

where F t h r (W) is a factor ensuring the correct behavior at the physical pion threshold, chosen 
in Ref. [2| to be of the following (parameter-free) form 



where m 7T (M) is the pion(nucleon) mass and W is the invariant produced mass [W 2 = 
M 2 + Q 2 (l~x)/x]. 

In Eq. (0) the target-mass- corrected LF momentum distribution f 2 (£, Q 2 ) is given 
explicitly by 



p p (o+nz,Q 2 



with 



where x = £/(l — M 2 ^ 2 /Q 2 ) and £* = min(l,Q/M) is the maximum allowed value of the 
Nachtmann variable £ (cf. Ref. 0). In Eqs. (|11H12|) the quantity fix) is the limiting value 

—TA1 

of the function f 2 (£, Q 2 ) for Q 2 — > oo and it represents the probability to find a CQ in 
the proton with LF momentum fraction x. Such a distribution can be estimated assuming 
an S'f/(6)-symmetric (canonical) wave function with a gaussian ansatz for its radial part. 
Thus, the target-mass-corrected LF momentum distribution f 2 (£, Q 2 ) used in Ref. [2] has 
only one model parameter, namely (3/m, where m is the CQ mass and j3 corresponds to the 
r.m.s. value of the CQ transverse momentum in the proton. 

The analysis carried out in Ref. [2] shows that by means of the theoretical moments © 
the scaling property (JBJ is well satisfied by the CLAS data for n = 4, 6, 8 with the expected 
exception of n = 2. The corresponding scaling function, which represents the square of the 
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CQ elastic form factor F(Q 2 ), can be interpolated using the square of a monopole ansatz, 
namely 



F(Q 2 )c^ 1/(1 + r 2 Q Q 2 /6) 



(13) 



The precise value of the CQ size rg depends on the specific value of the parameter f3/m used 
for the proton wave function and also on the specific shape adopted for the threshold factor 
Fthr(W). Such a dependence has been thoroughly investigated in Ref. [2] and the final result 
is that a safe estimate of the CQ size rg is between « 0.2 and ~ 0.3 fm. 

An important consistency check was considered in Ref. j2], namely: the CQ form factor 
extracted from the scaling function and the model used for the nucleon wave function should 
be consistent with the elastic nucleon data. The nucleon elastic form factors were calculated 
adopting the covariant LF approach of Ref. [TT] . which is formulated at q + = in order 
to properly suppress the pair creation process Moreover, the one-body approximation 
for the electromagnetic current operator was considered including both Dirac and Pauli 
constituent form factors. In Ref. [2] the following simple ansatze were chosen: 



with r\Q = T2Q = tq. The values of the CQ anomalous magnetic moments, ku and Kd, 
were fixed by the requirement of reproducing the experimental values of proton and neutron 
magnetic moments, obtaining n v = —0.064 and k d = 0.017. It turned out [2] that the 
results of the calculation of the nucleon elastic form factors slightly overestimate the data 
and a better consistency can be reached through slight variations of the parameters of the 
generalized two-stage model, namely tq and /3/m. For instance, a nice agreement with the 
elastic nucleon data can be recovered simply by increasing the CQ size up to rq = 0.33 fm. 

Before closing this Section, we point out that Eqs. © and (fT3~j) are not in contradiction 
with Eq. (|14j) . Indeed, as it can be easily checked by explicit calculations, the form factor 
F(Q 2 ) is only slightly sensitive to the presence of the Pauli term fi(Q 2 ), because of the 
dipole form assumed [see the second equality in Eq. I)14j) ] and of the smallness of the CQ 
anomalous magnetic moments. However a Pauli term is expected in non-perturbative models 
(cf., e.g., Ref. JS]). Therefore we need to analyze a channel different from the transverse one 
in order to obtain information on fiiQ 2 )- This chance may be offered by the longitudinal 
channel as we are going to explain in the next Section. 



3 Longitudinal channel 

Within the generalized two-stage model of Ref. [2| the dual (transverse) proton structure 
function, F 2 ((W) (£,Q 2 ), is given by 



f{{Q 2 ) 
ti(Q 2 ) 



e 3 /{l + r 2 lQ Q 2 /6), 
/%/(! + r 2 Q Q 2 /12) 2 



(14) 



Ft al \^Q 2 )= \F(Q 2 )} 2 F thr (W) 




(15) 
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where we have made an explicit use of Eq. (|TT|) and T(£, Q 2 ) is given by Eq. (|T2"J). Using the 
formalism of target-mass corrections it is straightforward to write down the dual structure 
function Fi dual \^,Q 2 ); one gets 



F[ dual \^Q 2 ) = F(Q' 2 ) - F thr (W) 



where r = Q 2 /4m 2 and 



2r 



(16) 



Rr 



1 Ei f^(Q 2 ) 



n 2 



r Ej G 3 m(Q 2 



(17) 



represents the longitudinal to transverse (L/T) ratio at the CQ level. Therefore, the dual 
longitudinal proton structure function (J3J) is 



(i,Q 2 ) = F{Q 2 ) F thr {W)i 



x 2 -tp.^Rt 



3r 



mQ z ) + — 2 no 

r 4 



1 + ^c 



Thus, within the generalized two-stage model the longitudinal structure function receives 
two contributions: the first one is directly generated by the target mass corrections T(£, Q 2 ) 
and depends on the form factor F(Q 2 ), which is almost insensitive to the CQ Pauli form 
factor; the second one is instead directly related to the L/T ratio Rq at the CQ level. In 
the limit of large Q 2 both the first and the second contribution drop down and for Q 2 — > oo 
the function Fj? (£, Q 2 ) goes to zero, satisfying the Callan-Gross relation. 

It is important to note that if fi(Q 2 ) = then G J E (Q 2 ) = G 3 M {Q 2 ). Thus Rq becomes 
equal to (1/r) and the second term in the r.h.s of Eq. (|18j) vanishes. Therefore, Rq must be 
at least proportional to the CQ Pauli form factor and consequently we expect the second 
term of the r.h.s. of Eq. (fTSjl to be sensitive to fi(Q 2 )- 

According to the generalized two-stage model we expect that for 0.1-=-0.2 < Q 2 (GeV/c) 2 < 
1 -r- 2 the (inelastic) Nachtmann longitudinal moments (J2J are dominated for low values of n 
(but n = 2) by the dual longitudinal moments, viz. 



Ml L \Q 2 ) ~ M^ dual) (Q 2 



(19) 



where 



M (L,dual)(Q2 



+ 



V 



r(l + r) £ 



4M 2 x : 



n+l 



X" 



2„2 

2 F 2 



(dual) 



(CQ 2 



^(dual) 



(CQ 2 ) 



(n + l) £/x-2(n + 2) 
(n + 2)(n + 3) 



(20) 



We have calculated the oh/a/ moments (J2*U|) for n = 4, 6, 8, 10 using the structure functions 



^(dual) 



and p( dual ^ given respectively by Eqs. (fTHj) and (fT5|). The same gaussian ansatz 
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adopted in Ref. j2j (with (3 = 0.3 GeV and m = 0.25 GeV) is used for the proton wave 
function and the expressions ()14|) with t\q = r 2 Q = tq are adopted for the CQ form factors. 
The results obtained with and without the CQ Pauli term are reported in Fig. It can 
clearly be seen that above Q 2 ~ 0.5 (GeV /c) 2 the longitudinal moments are sharply sensitive 
to the presence of the CQ Pauli form factor, i.e. to the second term in the r.h.s of Eq. (jl8j) . 




Q 2 (GeV/c) 2 

Figure 1: Dual longitudinal moments [Eq. h2(J\)l. calculated using the structure functions p^ ual ^ 
[Eq. IU$] and F 2 {dual) [Eq. {7^/, versus Q 2 . The CQ Dirac form factor is given by the monopole 
ansatz f((Q 2 ) = + rg Q 2 /Q) with rQ = 0.21 fm Thin lines correspond to f£(Q 2 ) = 0, 

while thick lines are the results obtained with f^iQ 2 ) = + rg Q 2 /12) 2 with rQ = 0.21 fm. 

The values of the CQ anomalous magnetic moments are taken from Ref. namely: kjj = —0.064 
and kb = 0.017. Solid, dashed, dotted and triple- dotted- dashed curves correspond to n = 4,6,8,10, 
respectively. 

We present now our predictions for the (inelastic) longitudinal moments (J2J) through the 
dual longitudinal moments (|2"U|) for n > 4. We stress that our model parameters have the 
same values found in Ref. |2] and that no further parameters are introduced. In particular, 
the CQ form factors are given by Eq. (fT^j) and we start from the choice t\q = r 2 Q — Tq — 



0.33 fm, which as already pointed out provide the best reproduction of nucleon elastic data. 
Since there is no compelling reason to assume the same CQ size both in Dirac and in Pauli 
form factors, we have varied independently the parameters t\q and r2Q in the range from 
0.2 to 0.4 fm. The spread of the results obtained in this way for each longitudinal moment, 
is represented by the difference between the thin and thick lines in Fig. El which therefore 
yields our estimate of the theoretical uncertainties. 




0.0 0.5 1.0 1.5 2.0 

Q 2 (GeV/c) 2 

Figure 2: Inelastic contribution to the Nachtmann longitudinal moments HJ) evaluated through the 
dual moments \2ffy using the structure functions pj^ ua ^ ^q. I Iffy ] and j?( dual ^ I Iffy ], versus 
Q 2 . The CQ Dirac and Pauli form factors are given by Eq. \1$ with kjj = —0.064 and kd = 0.017. 
Solid, dashed, dotted and triple- dotted- dashed curves correspond to n = 4, 6, 8, 10, respectively. The 
difference between the thin and thick lines represent the theoretical uncertainties of our predictions 
as explained in the text. 
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4 Conclusions 



In conclusion we have applied the generalized two-stage model of Ref. [2j to the calculation 
of the (inelastic) Nachtmann moments of the longitudinal structure function of the proton 
at low momentum transfer, i.e. 0.2 < Q 2 (GeV/c) 2 < 2. It has been shown that in the 
longitudinal channel the Pauli form factor of the constituent quarks play an important role 
for Q 2 > 0.5 (GeV/c) 2 . 

Our predictions are presented in Fig. including also an estimate of the theoretical 
uncertainties. We point out that our model parameters have the same values found in 
Ref. |2j and no further parameters are introduced. 

Our predictions may be tested against the forthcoming results of the Jefferson Lab experi- 
ment .E94110 jSJ. A positive comparison with the new data will provide a strong confirmation 
of the generalized two-stage model of Ref. j2] and a compelling evidence that constituent 
quarks are intermediate substructures between the hadrons and the current quarks and glu- 
ons of QCD. 
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